REPRESENTATIONS OF SEMISIMPLE LIE GROUPS. III

BY
HARISH-CHANDRA

The main object of this paper is to define the character of an irreducible
quasi-simple(!) representation w of a connected semisimple Lie group G on
a Hilbert space 9. This will be done as follows. Let C;°(G) be the class of all
functions on G which are indefinitely differentiable and which vanish outside
a compact set. For any f&C?(G) we consider the operator [f(x)w(x)dx where
dx is the Haar measure on G. It turns out that this operator has a trace (which
we denote by T,(f)) and the mapping T: f=T-(f) fEC;(G)) is a distribu-
tion in the sense of L. Schwartz [9] such that T.(f,) =T.(f) where f.(x)
=f(axa~!) (a,xEG). This distribution is defined to be the character of .
We shall see that two such representations m, 2 are infinitesimally equivalent
(see [6, §9]) if and only if they have the same character. Therefore in par-
ticular a unitary irreducible representation is determined within unitary
equivalence by its character (cf. Theorem 8 of [6]).

In the last section we give a simple proof of a formula for “spherical func-
tions” on a complex semisimple group. This formula was obtained by Gelfand
and Naimark [1; 2] in some special cases by direct computation.

1. Some preliminary results. We keep to the notation of our two earlier
papers [6, 7] on the same subject. G is a connected, simply connected, semi-
simple Lie group and g is its Lie algebra over the field R of real numbers.
g is the complexification of go and E, p, o, o, ¢, I’, and m are defined as in
[6, §2] and [7, §2]. K, K’, and D are the analytic subgroups of G correspond-
ing to £y, £/ =f'M\go and co=c/Mg, respectively. Let Z be the center of G and 3
the center of the enveloping algebra B of g¢. If 7 is a representation of G on a
Banach space we shall say that 7 is quasi-simple if it maps the elements of
DN\Z and 3 into scalar multiples of the unit operator (see [6, §10]).

Let 7 be a quasi-simple irreducible representation of G on a Banach space
9. We denote by @ the set of all equivalence classes of finite-dimensional
simple representations of K. Let o (DEQ) denote the set of all elements in
© which transform under 7(K) according to D. We know (see [6, Lemma 33])
that dim $p< «. Let Ep denote the canonical projection of § on Do (see
[6, §9]). For any x&G consider the operator Epw(x)Egp. It maps §p into it-
self and §p into {0} (D'#D). Let sp (Epr(x)Ep) denote the trace of the
restriction of Epm(x)Ep on Pop. Since dim Pp < » this trace is well defined.
Now any given linear function @ on $p may be extended to a continuous
linear function on $ by setting a(Y) =a(Esy) WEP). In particular if ¢,
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(1) See [6, §10] for the definition of a quasi-simple representation,
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1<i=<r, is a base for §p and ¥; is the linear function on o which takes the
value 1 at ¢; and zero at ¥; (j=1, 1<14,7<r) we may extend ¥, on § in the
above fashion. Then it is clear that

¢5(%) = sp Eom(%)Ep = 2 (¥s, m(x)¥)
[
in the notation of [6, §10]. Hence it follows from Lemmas 19 and 34 of [6]
that ¢% is an analytic function on G. X4, - - -+, X, being a base for go over R,
set X(t)=tX:14+ - -+ +t.X. ((,;ER). Then we know (cf. Theorem 2 and
Lemma 34 of [6]) that if |#| =max; |t;| is sufficiently small we get the con-
vergent expansions

7.

1
w(exp X())¥: = 2 — (X)) 1<

m20

IA

From this it follows immediately that if z is any element in 8 the value of
> igisr (@, m(2)¥:) can be obtained in terms of the various partial derivatives
of ¢ (exp X (¢)) with respect to (t) at ty=t,= - - - =t,=0. Let o be the repre-
sentation of A = Q¥ (see [7, §2] for notation) on Hp defined under 7. Then
the knowledge of the function ¢3 determines in particular sp ¢(2) for any 2E€ .
Now we know (see Theorem 5 of [6]) that 7 defines a quasi-simple(2) irre-
ducible representation of 8 on H©@ = Z;D:eg o and therefore ¢ is irreduc-
ible (see Corollary 2 to Theorem 2 of [7]). On the other hand a finite-dimen-
sional simple representation of an associative algebra is completely de-
termined within equivalence by its trace (see Lemma 16 of [7]). Hence
in view of Theorem 2 of [7] we can conclude that the function ¢% determines
the representation of 8 on $® up to equivalence and therefore the repre-
sentation m of G up to infinitesimal equivalence. This result may be stated in
a slightly more general form as follows.

TuEOREM(®) 1. Let w1, - - -, w, be a finite set of quasi-simple irreducible
representations of G on Banach spaces. Suppose no two of them are infinitesimally
equivalent. Then all the nonzero functions in the set ¢3, - - -, ¢g, (D:€Q,
1<i=7r) are linearly independent.

Let C be the field of complex numbers. If our assertion is false we may
suppose that cipf+ - - - +cpg, =0 where c;¢g#0, 1=5j<s (c;&(). Let
$;: be the representation space of ;. Consider the representation ¢; of Y on
9:,D:; (1 =21=s) induced under w;. Then ¢, sp a1(a)+ - - - +¢; sp o.(a) =0 for
all a€¥. Since ¢% 0, D; occurs in 7;. Moreover m;, 7, (j#k) are not infin-
itesimally equivalent (1=j, k=<s). Hence it follows from Corollary 2 to
Theorem 2 of [7] that the representations a3, - - -, @, are irreducible and no

(@) See [7, end of §2] for the definition of quasi-simplicity in this case.
(3) Cf. Theorem 7 of [8(a)] and Theorem 2 of [8(b)].
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two of them are equivalent. This however gives a contradiction with Lemma
16 of [7]. So the theorem is proved.

We recall that for two irreducible unitary representations on Hilbert
spaces the notions of infinitesimal equivalence and ordinary equivalence are
the same (see Theorem 8 of [6]). Hence if m;, m, are two such representations
which are not equivalent, the corresponding functions ¢g, ¢§: are always
distinct unless they are both zero.

Theorem 5 of [7] can now be rephrased in terms of the function ¢% as
follows:

THEOREM (%) 2. Let m be a quasi-simple trreducible representation of G on o
Banach space . Suppose Dy 1s a class in Q occurring in w such that d(Do) =1.
Then dim $op,=1 and it is possible to choose linear functions A and u on b and c
respectively such that

¢,(%) = f R (xEG)
K* :

and the infinitesimal character of ™ is xa.

Some properties of the function ¢3 have been studied by R. Godement
[3] (see also [1; 2]).

We shall now state a few immediate consequences of the results proved
in [6].

THEOREM(®) 3. Let x be a homomorphism of B into C and Dy a class in Q.
Then apart from infinitesimal equivalence there exist only a finite number of
irreducible quasi-simple representations w of G which have the infinitesimal
character x and such that Do occurs in .

This follows from Theorem 2 of [7]. Similarly the following result is ob-
tained from Theorem 3 of [8].

THEOREM 4. Let w be a quasi-simple trreducible representation of G on a
Banach space O. Then there exists an integer N such that

dim $p = N(d(D))?
for all DEQ.

2. Trace of an operator. Let {c.}.cs be an indexed set of complex
numbers. We define the convergence of the series ) acs o and its sum in the
usual manner (see §5 of [6]). Let A be a bounded operator on a Hilbert space
$ and let { ‘/’a}ae-’ be an orthonormal base for . We say that 4 has a trace

(*) Cf. Theorem 3 of [8(b)]. Our notation is the same as that of Theorem 5 of [7].
(8) Cf. Theorem 6 of [8(a)].



1954] REPRESENTATIONS OF SEMISIMPLE LIE GROUPS 237

(or A is of the trace class) if for every such base the series(®) Zael Way AV¥a)
converges to a sum which is independent of the choice of the base. The value
of this sum is called the trace of 4 and we shall denote it by sp 4.

LEMMA 1. Let {n[la}ael be an orthonormal base for a Hilbert space O and
T a bounded operator such that ) apscs Itagl < o where tag= Ya, T¥s). Then
if A and B are any bounded operators on ©, ATB, BAT, TBA are all of the
trace class and

sp (ATB) = sp (BAT) = sp (TBA).

Put @ug= Ya, A¥s), basp=ar By¥p) (o, BEJ) and consider the series
Zavﬂ"YeJ Iadﬂtﬁ‘yb‘yal . Then(’)

Z l aaﬁtﬂ'rb'ral = l lgy I Z I Gapbya |
a a

<l (Zlaul) (Slorel) s [l 4113

since

D lawlt=2| Wa A¥p) |2 = | A¥s|2 = | 4]

and similarly for B. Hence
> | aslovbra| < | A4|| B| ;S_‘,|t,,| < w.
Y

ap,y

This proves that the series D q.g.y @aptsyDya is absolutely convergent and so
it follows in the usual way that

> Wa ATBYS) = > (Yay TBAYa) = 2 (Yay BATY.).

Now let U be a unitary transformation on 9. Consider U"'ATBU. Since
U—'4 and BU are bounded operators, we can conclude from the above result
that

2 (U¥a, ATBUY,) = 2 (bay U'ATBUY)
= 2 Wa TBUU'AYa) = 2, (Yay TBAY.)
= 3 (Yay ATBY.).

Since every orthonormal base in § is related to the base {y.} «cs by a unitary
transformation, this proves that ATB is of the trace class. Since BA is a

(%) As usual we denote by (¢, ¥) the scalar product of ¢ and ¢ in .
(") For any bounded operator Q we put [Q] =Ssup|y| <1 |Q¢| .
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bounded operator it follows from this result that BAT and T'BA are also of

the trace class. Hence in view of the above equalities we conclude that
sp ATB=sp BAT =sp TBA.

CoROLLARY. If T satisfies the conditions of the above lemma and if A is a
regular operator, then T and ATA—" are both of the trace class and sp ATA™!
=sp T.

3. An auxiliary lemma. In order to prove that certain given operators are
of the trace class we shall frequently need the following result.

LEMMA 2. Let | be a semisimple Lie algebra over C of rank l. Then the series
> o d(D)~HY §s convergent. Here D runs over all equivalence classes of finite-
dimensional simple representations of | and d(D) is the degree of any repre-
sentation in D.

Let § be a Cartan subalgebra of . Choose a fundamental system of roots
and let Ay, - - -, A; be a fundamental set of dominant integral functions on
b with respect to this system (see [5, Part I]). Then every such function can
be written as miA1+ - - - +miA; where m; are all nonnegative integers. Let
H,, - - -, H; be a base for §. Extend this to a base X3, - - -, X, (n=1) for [
so that X;=H,;, 1<:¢=<!. Put g;;=sp (ad X; ad X;), 1=4, j<n, where X
—ad X is the adjoint representation of I. Since [ is semisimple the matrix
(gij)1si.j=n 1s nonsingular. Let (g¥)<; ;<. denote its inverse. Let Il be the en-
veloping algebra of I. Put w= D 1<i,j» 27X X;EW. w is called the Casimir
operator of [ and it is well known that w lies in the center of Il. For any domi-
nant integral function A on § put

[A|l2= 2 g¥A(H:)A(H,)).
154,551
Then it is known (see for example [4]) that IAI 2 is a positive real
number unless A=0. Now let ¢ be an irreducible finite-dimensional rep-
resentation of 1l and let © be the class of . We denote by Ap the highest
weight of ¢ and by wgp the number such that o(w) =wpe(1). Then it follows
from Lemma 6 of [4] that wp is real, wp = IA:DI 2, and there exists a real num-
ber k such that kd(D)2=wp for every irreducible class ©. Hence

d@)t = x”zl A |_‘.

Now the base Hj, - - -, H; can be so chosen that every root of [ takes real
values at Hy, - - -, H;. For such a base the quadratic form D_},.; giix;-x;
(x;ER) is real and positive definite. We can therefore select Hi, - - - , H;
in such a way that this form reduces to x3+ - - - 4+}. For any dominant
integral function A let e, denote the vector in the /-dimensional real Euclidean
space with the components A(H;). Then the set of all points ex form one
“octant” of a lattice whose generators are e;=ey,;, 1 £1=!. Now
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SGD)-HD g gD Z'l Ap l—(z+1)
) D
where D %4 denotes the sum over all irreducible classes ® except the one
corresponding to the zero representation of degree 1. Since each class is com-
pletely determined by its highest weight, it follows that

DA |mEY £ X | muer + - - - 4 muer |-G
D (m)20

where |e| is the Euclidean length of the vector e and (2o denotes sum-
mation over all sets of nonnegative integers (my, - - -, m;) such that
mi~+ - - - +m;>0. Since the series on the right is well known to be con-
vergent, the lemma follows.

4. A result on convergence. We use the terminology of [6, §9]. Let
m be a permissible representation of G on a Banach space $ and Egp the
canonical projection of $ on the space $p consisting of all elements in
which transform under 7 (K) according to D (DE Q). We shall now prove the
following lemma(®).

LEMMA 3. There exists an element 3% such that

2 | Eny| = | x(a)y|
DEQ

for any differentiable element  in O. Moreover the series
2. Ewy
DE
converges to .

Let u—u* (uEK) denote the natural mapping of K on K*=K/DNZ.
For any &K we denote by I'(x) the unique element in ¢ such that
uexp (—I'(u)) EK’. Choose a base T'y, -+ - -, T, for ¢o over R such that exp Iy,
1=<4=r, is a set of generators for DI'\Z. Let u be a linear function on ¢ such
that = (exp I';) =e*M™r(1), 1 S5 <7 Let Q. be the set of all classes in  which
occur in 7. Then it is clear that if D€ Q, and ¢ is any representation in D, we
must have

a(Ty) = Q2a(—1)2n; 4+ u(Ty))o(1)

where n;, 1 =i <r, are all integers. Define a linear function ng on ¢ by setting
np(Ts)=n; 15i<r, and put |np|=(1+n2+ - - - +n?)V2. Then if w=1
—(1/47%) X5y (Ti—u(T))2EXE, o(w) = | np| 20(1). We note that w lies in the
center of X. Let X’ be the subalgebra of B generated by (1, ). Since f’ is
semisimple we can find (see Lemma 4 of [7]) an element 2, in the center of
¥’ such that ¢(20) =d%s(1) for any simple representation ¢ of ¥ of degree d,.
Put 7*(u*) =e#T@)r(y) (uEK). Then 7* is a representation of K* on

(8) Cf. Lemma 31 of [6] which was stated without proof.
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O and if DEQ,
Ep = d(D) f _conj (En(u*))r*(w*)du*(’)
K

where &p is the character (on K*) of the class according to which every
element in $p transforms under 7*(K*). Let M be an upper bound for
|7r*(u*)| on the compact set K*. Then it is clear that

| Eo| < d(®)°M.
Let ¢ and s be two integers =0. Then

| Bo(ss 0 ) | < Ma®)*| (s

a+l

w)y|.
But if XE¥,,

Lim i (w(exp tX) — 1)Epy = Lim Em-l— (w(exp tX) — )¢ = Epn(X)¥
-0 I 0 ¢

since Ep commutes with m(#) (#EK). Hence it follows that Egy is differ-
entiable under 7(K) and w(x) Epy = Eow(x)¢ (x&X). Therefore

Eon(st 0 W = (s w) Eoy = d®)™’ | no | Eoy

since Egy transforms under 7(K) according to . Hence

4@ | no || Eov| < M| x| ® €a.),

and therefore

g+l s

2 | Esy| g(Z @) | no|” )le(z w)y.
Qr DEq,

For any DEQ, let D’ denote the class of representations of ' defined as
follows. If 0 €D, D’ is the class of the restriction of o on f’. Clearly ©’ is
irreducible and 4(®’) =d(D). Moreover D is completely determined by ©’
and np. Hence

—2s
|

T a0 [ TS YA T (k)
DEQ, D’

where 9’ runs over all irreducible classes of finite-dimensional representa-
tions of ¥'. But if 2¢ exceeds the rank of {’ it follows from Lemma 2 that
> d(D)29< . Similarly if 2s>r

2 — (r+1)/2

SU+mt-tm) S A4t +n)

(n) (n)

(*) Conj (x) means conjugate of x.
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Therefore if we choose ¢ and s sufficiently large and put
g+l s
2= Nzg w
where

N=M Y d®)*%|np|,
DEQ,
> | Esw| = | )y .
DEQ

This proves the first assertion of the lemma. Now we come to the second part.
Since D pea | Es¢/| < » the series ) oo Eoy is convergent. Let ¢ denote
its sum. We have to show that ¢ =¢. Put ' =y —¢. Since Epp =Egy, Eoy’
=0. From this we shall deduce that ¢’ =0.

Suppose ¥’ #0. Then given any real ¢>0 choose a continuous real non-
negative function f on K* such that f(u*)=0 if |1r*(u*)¢’—¢’| >e|ly|
(w*€K*) and [g*f(u*)du*=1. Moreover choose a finite linear combination
w of the matrix coefficients of finite-dimensional simple representations of
K* such that |f(u*) —w(u*)| <e (w*€K*). Then if

Y= f w(w*)T*(u*)Y du*,
Y'e deg o and therefore ¢/ = ZSDGO Egy’’. But
Egy" = f w(u*)m*(u*) Epy/du* = 0
since Egy’ =0. Hence '’ =0. On the other hand

|y’ —y| < f | w(*) — f(u*) || 7* @)y’ | du*

+ [ s [ = | du
< Me| |+ €|y

1r*(u*)|. Therefore if € is sufficiently small
v |=[v—-v|=|¥]/2

which contradicts our assumption that ¢’>£0. Therefore y'=0 and so
> oece Eoy converges to .

5. Characters. Let C;’(G) denote the class of all complex-valued functions
on G which are indefinitely differentiable everywhere and which vanish out-
side a compact set. Let 7 be a quasi-simple irreducible representation of G
on a Hilbert space . For any fEC;’(G) consider the operator

where M =sup,ck-
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Ty =ff(x)1r(x)dx

where dx is the Haar measure on G. We intend to show that T is of the trace
class.

Let ©' be the Banach space of all bounded linear operators 4 on § with
the usual norm |A| =SUpy|s1 |A¢| WED). Let Oy be the subspace of L’
consisting of all operators of the form Ty (fEC;(G)). We denote by O the
closure of O, in L'. Now if yEG,

Ty = [ oroe@an, T = [ fanraas

Hence it follows that if 4 €O then w(y)4 and Aw(y~!) are also in ©. We now
define two representations / and 7 of G on O as follows:

I(x)A = w(2)4, r(x)A = Ax(z™) (xE€G, 4€9).

In order to verify the conditions for continuity it is sufficient to prove that
lim,.iy. |7(x)A7T(y~!)—A| =0 (AED). This is done as follows. Given
€>0, choose fEC;(G) such that IA—T,] <e Let U=U"! be a compact
neighbourhood of 1 in G and M an upper bound for |1r(z)| for 2&U. Then

| 7#(x)A7(y™) — () Tym(y™) | < M (%, y E V)
and therefore

| (@) Am(y™) — 4] < (M2 + Ve + | w(0) Trr(y™) — Ty |
< (M2 + 1)e +f If(x‘lzy) — f(2) | ! (2) | dz.

Let C be a compact set outside which f is zero. We can choose a neighbour-
hood V of 1 in G (VCU) such that |f(x~'zy) —f(z)| Seif x, yEV. Let Fbe a
real nonnegative continuous function on G which is equal to 1 on C and which
vanishes outside some compact set. Then if Ny=sup.cvcv |1r(z)| ,

| m(x)An(y™) — Al < (M2 4+ e+ NoefF(z)dz

provided x, y& V. This proves that lim,.1,.1 |1r(x)A1r(y'“‘) —A4| =o0.

Since I(x)T;=[f(x"'z)m(2)dz, it follows easily that T is differentiable
under /. Similarly we show that it is differentiable under . It is clear that
the representations / and r are permissible. For any D&Q let Egp, Pop, and Qp
denote the canonical projections (see §9 of [6]) corresponding to © under
m, I, and r respectively. Then it is clear Ppd =EpA; QoA =AEp (DEQ)
where 9’ is the class contragredient to . Let A and p denote the left and right
regular representations of G. Then every element in C; (G) is differentiable
under both X\ and p and C;(G) is invariant under A\(B) and p(8B). Moreover
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since I(x)r(y)Tr=Tpwys (x, YEG) it follows easily that I(a)r(b)Ty
=Dapwr (@, bED).

Now define a representation ¢ of the group G XG on O as follows. ¢(x, ¥)4
=l(x)r(y)A=mw(x)A7w(y™!) (x, yEG). Then ¢ is a permissible representation
of the semisimple group G XG and any element of O, is differentiable under ¢.
Moreover the canonical projections for the representation ¢ (with respect to
the subgroup K X K) are exactly the operators Pgp,Qp, (D1, D:ERQ). Let 2, be
the element of ¥ which was introduced in the proof of Lemma 3. Then if we
apply Lemma 3 to the representation ¢ and the differentiable element
TGoezgs We find that

E | PfDlQQzT)\(zo)p(zo)/| < o,
D, D€
But

PfDleDzT)\(zo)P(lo)f = PSDIQSDzl(Zo)f(Zo)Tj = d(@l)zd(gz)zpileﬁDsz-

Hence

>, d(®)%(D)?| Ev,TsE,| < .
T1.,.D,E0
Now let us first suppose that the subspaces $o=EpD (DEQ) are mu-
tually orthogonal. Choose an orthonormal base for each §p. All these put
together form an orthonormal base {¥a.}.cs for §. In accordance with
Theorem 4 we choose an integer N such that dim o= Nd(D)? (DEQ).
Then

2 l@aTwl= X 2 2 | @ Tl

«,BES D1p,E0 «EJp, BEJP,

where Jp is the subset of J such that {a}acrg is a base for $o. But it is clear
that

2 > l (Var Tr¥p) | < dim 9o, dim @92| E:DIT/E®2|
«€Jp, 8EJP,

< N%(D,)%d(D2)?| Eo,T/En,|.
Hence

2 Ve Tls| S N? 3 d(®0)%d(D2)*| En,T/En, | <
a,fEJ 9,.9:€0
and therefore, from Lemma 1, T is of the trace class.

Now we discard the assumption about the mutual orthogonality of the
spaces Op. Let x—x* denote the natural mapping of G on G*=G/DN\Z
Define a representation 7* of K* on 9 as in the proof of Lemma 3. Since K*
is a compact group, 7* is equivalent to a unitary representation. Hence there

exists a regular operator B on $ such that the representation w'*: u
—Br*(u*)B~! (u¥*EK*) is unitary. Now put 7n'(x) =Bw(x)B~!. Then 7’ is a
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representation of G on 9. Let §g be the subspace of $ consisting of all ele-
ments which transform under 7'(K) according to ® (D&Q). Then since #'*
is unitary the spaces 5 are mutually orthogonal. Therefore the above proof
is applicable to

T, = f f(#)n'(x)dx = BT,;B.

Hence T/ fulfills the condition of Lemma 1 and therefore Ty=B-'T;B is of
the trace class. Moreover if P and Q are two bounded operators on §, then
PB-! and BQ are also bounded and PT,Q=(PB-")T/ (BQ). Therefore, from
Lemma 1, PT,Q, T,QP, QPT; are all of the trace class and their traces are
equal. Therefore in particular sp (AT7A~1) =sp Ty if A is a regular operator.

Put T, (f) =sp(Ty) for any f&C; (G). Then T, is a linear function on the
vector space C, (G). Furthermore if a is a fixed element in G and g is the func-
tion g(x) =f(axa™') (x €G) then

T, = w(a)Tyn(a)

and therefore T.(g) =T.(f). Hence we may say that T, is invariant under
the inner automorphisms of G. We prove similarly that if # and 7’ are equiva-
lent representations, T'r =T 5.

Our next object is to show that T, is actually a distribution in the sense of
L. Schwartz [9]. By going over to an equivalent representation, if necessary,
we may assume that the spaces o (DEQ) are mutually orthogonal. Then it
is clear that

sp Ty = SD% sp (EpTsEp)
Q

and
d
sp (EnTsEp) = 2 (Vo EoT )
=1
where ({1, - - -, ¥4) is an orthonormal base of p. Therefore
| sp (BT Ep) | < dim $o | EnTy| < Nd(D)?| EnTy|
and

| T:(N| = N X d®)?| EoTy| = N 3 | EopTacanr|
DEQ DEQ

where z, has the same meaning as above. Now by applying Lemma 3 to the
representation / of G on O and the differentiable element T\ (,,s we conclude
that

> | EoTaeor| S| U&) Treor| = | Tageenr |
DEQ
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where 2 is an element of ¥ (which does not depend on f). Hence
I Tr(f)l § N' T)\(uo)fl-

Now suppose C is a compact set in G and f, is a sequence of functions in C; (G)
such that f, vanishes outside C and for any b&38, N(b)f»—0 uniformly on C.
Then

| Taos, | < f | A®)f) (@) || 7(2) | dx—0

and therefore in particular lT,(f,,)l =N | T xmo)f,,l —0. This proves that T
is a distribution.

6. Operators of the Hilbert-Schmidt class. Let B be a bounded operator
on the Hilbert space § and let B* be the adjoint of B. We say that B is of the
Hilbert-Schmidt (H.S.) class if B*¥B has a trace. Let {\I/a}aeJ be an ortho-
normal base for §. Then it is well known that || B||2= > acs | B¥a|? is inde-
pendent of the choice of this base and B is of the H.S. class if and only if
|Bl| <. Moreover sp BB*=||B||?=||B*||? if ||B||<w and |A4.B4
<|4.|||B||| 4;| for any two bounded operators A1, 4.

Let m be a quasi-simple irreducible representation of G on §. Let f be a
complex-valued measurable function on G which vanishes outside a compact
set and such that [ | f(x)| !dx < o. It follows from the Schwartz inequality
that f|f(x)|dx < = and therefore the operator [f(x)m(x)dx is a well-defined
bounded operator. We intend to prove that this operator is of the H.S. class.
Let S be a regular operator on . Put #’(x) =S7(x)S~! (xEG). Then

|S].

[ r0m@as| = |57 [ swaass| <] 51| [ s

Therefore it is enough to show that the corresponding operator for an equiva-
lent representation is of the H.S. class.

Let x—x* denote the natural mapping of G on G¥*=G/DNZ. For any
%€ G we define T'(x) to be the unique element in ¢, such that x =u(exp I'(x))s
where #& K’ and s lies in the solvable subgroup of G corresponding to the
subalgebra goN\ (hy+1) of go (see [6, §9]). Then if u is the linear function on ¢
which was introduced in the proof of Lemma 3, it is clear that w(x)e #T@)
depends only on x*. Put m*(x*)=w(x)e*T= Then we verify immediately
that m*(u*x*) =r*(u*)r*(x*) (W*EK*, x*EG*) and therefore u*—r*(u*) is
a representation of K*. In view of the preceding remarks we may assume
without loss of generality that this representation is unitary.

Let x*€G* and yEG. We say that y lies above x* and write y>x* if
(y)*=x*. Put

*(a*) = 2, eTEf(x) («* €G).

z>z*
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Let A be a compact set outside which f is zero. Since DN\Z is discrete,
(DNZ)MNA—A is a finite set. Let Ny be the number of elements in it. Then it
is clear that not more than N, distinct elements in 4 can lie above the same
element in G*. Hence at most N, terms in the above sum are different from
zero and therefore the function f* is well-defined. Moreover if 4 * is the image
of 4 in G*, f* is zero outside A*. Now let x*EA*. Then

1/2 1/2
|70 | = | T ewoyia é(E, |f(x)|2) (z |e"(1‘(")>|2>
>z >z >z
V2 1/2
2t (5, o)
D>z

where Mo=sup,c4 |e*T®|. Hence if the Haar measure dx* on G* is suit-
ably normalised it follows that

[ sz = [ et aniar
and
f | f*(a*) 'da* < MﬁNf | 1) |'dx < wo.
Let B* be a compact neighbourhood of A*. Choose a real-valued non-
negative function F on G* such that F=1 on K*B* and F=0 outside some

compact set. Let g be any continuous function on G* which vanishes outside
B*, Consider the operator

[ st = [ a0 [ suraresrsnasn

(Here du* is the normalised Haar measure on K* so that f[du*=1.) Then

§fdx*

< H [ st atyrryant

” f g(x*)m*(«*)dx* f g(u*x*)w* (w* x*)du*
But

| 7*(@) |

“ f g(u*o*) ¥ (w* x*) du*

and from Theorem 4 we can find an integer N such that dim $p < Nd(D)?
for any DEQ. Let Q* be the set of all classes of irreducible finite-dimensional
representations of K*. Then no D*EQ* occurs more than Nd(D*) times in
the reduction of 7*(K*). Since every D*EQ* occurs exactly d(D*) times in
the left regular representation N of K* (on the Hilbert space L,(K*) of all
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square integrable functions on K*) and since the representation u*—m*(u*)
(u*EK*) is unitary, we may conclude that

2 2
= N

g(w* *)\(w*)du*
J

’f g(u*x*) ¥ (u*) du*

But from the Peter-Weyl theorem we know that

2
=f Ig(u*x*) I”du*.

1/2
< NIIZ(f |g(u*x*)|2du*) .

Now it is easy to see that |1r*(x*)| is bounded on the compact set K*B*. Let

M=sup.*cx*s* |7*(x*)|. Then
1/2
= MN”’(f | g(w*x*) Izdu*>

= MN‘”fdx*(f | g(w*x*) l’du*)l/2
= MN”’fF(x*)dx*(f lg(u*x*) I’du*)l/2
= M1<f I g(x*) |2dx*)l/2

where M= MNV2([ | F(x*) I 2dx*)12. Now choose a sequence g, of continuous
functions on G* which vanish outside B* and such that [ | f*x*) — g,.(x*)] 2dx*
—0. Then since

H f g(u*x*)N(u*)du*

Hence

” f g(u* ) ¥ (*) du*

‘ f g(u*x*)o* (u* x*) du*

and therefore

| [ sttt (was

[ 1726 = @ | aar

= (f | F(x*) Izdx*)w(f | (%) — ga(a¥) |2dx*)1/z

| [ ) = satameratyans

it follows that

— 0.

Moreover we have seen above that
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=< Ml( f | gn(5*) — ga(2*) Ide*)m

and therefore the sequence of operators T, = [g.(x*)7*(x*)dx* is a Cauchy
sequence with respect to the Hilbert-Schmidt norm || ||. Since the space
of operators of the H.S. class is complete with respect to this norm, there
exists an operator T of this class such that ||T,—T|—0. But |T,—T|
<||T.—TJ. Hence | T — T'| —0. However we have seen already that

”f (gm(2*) — gn(a™))7*(a*)d2*

lT,,—ff*(x*)w*(x*)dx* —0

and therefore T = [f*(x*)m*(x*)dx*. This proves that T = [f(x)w(x)dx is of
the H.S. class. Thus we have the following theorem(!?).

THEOREM 5. Let m be a quast-simple irreducible representation of G on a
Hilbert space © and let f be a measurable and square integrable function on G
which vanishes outside a compact set. Then the operator [f(x)m(x)dx is of the
Hilbert-Schmidt class.

7. Linear independence of characters. Let T, be the character of a quasi-
simple irreducible representation w of G on a Hilbert space §. Let Ep denote
the canonical projection of § on o (DEQ). Then it follows easily from its
definition (see §5) that

1) = s ([ som(ara) - T (5 [ S@e()dz-Ep)

=®§n f F(x)dp(%)dx

in the notation of §1. Now if m;, m, are two infinitesimally equivalent repre-
sentations, we have seen in §1 that ¢3 =¢3 (DEQ) and therefore T, =T,,.
Hence two infinitesimally equivalent quasi-simple irreducible representations
(on Hilbert spaces) have the same character. Conversely we shall show that
two such representations having the same character are infinitesimally
equivalent(?).

THEOREM 6. Let my, - - -, wq be a finite set of quasi-simple irreducible repre-
sentations of G on the Hilbert spaces 1, - - -, D, respectively. Suppose no two
of them are infinitesimally equivalent. Then their characters T, - - -, T,, are
linearly independent.

For otherwise suppose ¢:T5+ * - - +¢,T-,=0 (c;&€C) where, say, ¢;#0.

(19 Cf. Theorem 4 of [8(c)].
(1) Cf. Theorem 3 of [8(c)].
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Let 7; be the homomorphism of DN\Z into C such that w;(y) =9.(y)7:(1)
(y&DNZ). Then if fEC;(G) and yEDNZ, the function f,: x—f(y~x)
(xEG) is also in C;°(G) and it is obvious that T, ,(fy) =7:(v) Tx,(f). Therefore
>, ¢iTx(fy) = X 41 cini(¥) T»,(f) =0. This proves that

q
Z 61"’71’(7) Tn‘ =0

=1

for all yYEDNZ. Now if we recall that DN\Z is a free abelian group with 7

generators (r=dimg ¢o) we can conclude that ¢,Tr,+ - - - +¢,T», =0 assum-
ing that n;=7, (1<j=<s) and 7;#9; for s<j=<gq.
Choose a base I'y, - - -, I, for ¢p over R such thatexp I';, 1 S1=7r, is a set

of generators for DIN\Z. Select a linear function u on ¢ such that n, (exp I';)
=¢™) 1 <i<r. Put 7}(x*) =e*T@r,(x) (&G, 1<j<5s) in the notation of
§6. Let D be a class in @ which occurs in ;. We denote by Ef% the canonical
projection of 9; on ;0. Then

Ep = d(D) f conj (£p*(u*))m*(w*)du*

where D* is the irreducible class according to which every element in $;,9
transforms under #f(K*) and £p* is the character of D*. Let K, be the set
of all elements in K of the form (exp I')v where I'=t,T''+ - - - +¢I'» ((,;ER,
[t,~| =1/2) and v&€K’. Then K, is compact and if we put

ESD(M) = e—wni(u(r(u)))&).(u*) (u € K),
we get

E;) = d(D) conj (¢p(u))wi(w)du
Ko

where the Haar measure du on K is so normalised that [xdu=1.
Now we use the notation of Theorem 1. Put

R R

It follows from Theorem 1 that ¢ 0. Since ¢ is continuous we can find a func-
tion fEC;(G) such that [f(x)p(x)dx%0. Now

B [ fomi=iz = [ fo@minia 1=is9

where
fo(x) = d(®) | conj (¢(u))f(w ' x)du.
Ky

Since K, is compact it is clear that foEC;’(G). On the other hand
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sp ([ satamioz) = sp (B [ somais)

= (E;s f f<x>7r.~<x>dx-E§>) = [ 163 @i

Therefore 1Ty, (fo) + - -+ + ¢.Tx(fo) = [ f(x)¢(x)dx = 0. This however
implies that ¢;T»,+ - - - +¢,T+,70 and so we get a contradiction.

CoROLLARY. Two irreducible unitary represeniations are equivalent if and
only if their characters are the same.

First of all every irreducible unitary representation is quasi-simple (see
for example Segal [10]). Moreover infinitesimal equivalence is the same as
ordinary equivalence for two such representations (see Theorem 8 of [6]).
Hence the corollary is an immediate consequence of the theorem.

8. Complex semisimple groups. Suppose the group G is complex. Then
K is semisimple and there exists a 1-1 linear mapping ¢ of o onto po such that

[x,iN] =[x, ¥D, [iX), 0] =~ [X 7] (X, Y € ).

Let by, be a maximal abelian subalgebra of ¥o. Then 7(fy,) is clearly a maximal
abelian subspace of p,. Hence we may take by,=i(hr,). Then br,+by, is a
maximal abelian subalgebra of go. Let h: and §, be the subspaces of g spanned
by bt, and by, over C. Then h=ht+by is a Cartan subalgebra of g. We extend
1 to a mapping of I into p by linearity.

Let a1, - - -, @, be a maximal set of linearly independent roots of f
(with respect to Br). We order all roots e of f lexicographically with respect
to this set (see [5, Part I]). For every root a let H. be the element in b
such that sp (ad’ H ad’ H.)=a(H) (HEH) where X—ad’ X (X &F) is the
adjoint representation of £. We denote by W the Weyl group of f and by 20
the sum of all positive roots of f. Let X be a linear function on h. We put
N =A+oc and use the notation of [5, Part III]. We know (see [5, p. 70])
that the power series )_,cy €(s)e¥ “® is divisible by 10N (Ho) Ieso a(H)
(HE) and therefore the quotient

I1 e(s)e e
EW

II v#HD 11 «(8)

a>0 a>0

is an analytic function on Y. Similarly

) § 10:9)

a>0

H (ea(H)/2 _ —a(ml2)

a>0
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is a meromorphic function on bt all whose singularities lie on hyperplanes
of the form a(H)=2n(—1)!2z where o is a root and 7 is some nonzero
integer. Hence the function

D e(s)er o 11 «(a)
. _ EW a>0
#O2 = L) T W) T s = ey
a>0 a>0 a>0

is a meromorphic function on Bt and it is analytic everywhere on (—1)1/2h;,
and also on a suitable neighbourhood of zero in §. We know from [5, Part
III, p. 71] that if HE Y and |t| is sufficiently small (¢&C) then

tm

*(\, tH) = Y

mzo m!

H(H™)

where £ is the (infinitesimal) character of the algebra ¥ corresponding to the
linear function X on be.

A being any linear function on b, consider the integral [xeA® (= v)dy which
occurs in Theorem 2. (Notice that K = K* in our case and therefore [xdu=1.)
We shall now express this integral in terms of the function $*.

Consider the representation w of G on L(K) given by

Ta(x)f(w) = e” AP HELf(y ) (x €G, u €K, f € LK)

in the notation of [6, §12]. Let © be the smallest closed subspace of Ls(K)
which is invariant under 7,(G) and which contains the constant function 1.
Then we have seen in [5, Part IV] that the representation 7 of G induced on
9 is quasi-simple and its infinitesimal character(!?) is xa where A is to be ex-
tended to a linear function on §) by putting it equal to zero on B Let ¢,
denote the vector in § corresponding to the constant function 1. Then if we
denote the scalar product of two elements in the usual way we get

o 7@ = [ crorcengu,

K

On the other hand suppose x=exp tH, where HyEp, and ¢ R. Then since
¥, is well-behaved under 7 (see Lemma 34 of [6]),

244 m
(o, m(exp tHo)po) = g — (o, w(Ho )¥o)
m=0 .
provided |t| is sufficiently small. Now put 72,.(X)=(X+(—1)V2%(X))/2,
- (X)=(X—-(—-1)Y2%(X))/2 (XEL). Then f,=7,(F), {_=1_(f) are ideals in
g and g is their direct sum. Let ¥; and %X_ be the subalgebras of B generated
by (f4, 1) and (f_, 1) respectively. Then if a €%, and bE%, ab—ba=0.

(12) This is easily seen by the argument used in the proof of Lemma 48 of [5].
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Choose Hy € by, such that Ho=14(Hy*). Then
Hy = i(He*) = 2(—=1DY2[i_(H*) — H*).

Moreover Hy* and 1_(H,*) commute and w(E){o= {0} Hence

(Hs )go = (2(— 1) "r(H )
where H_=1_(H,*). On the other hand if X, YV E&¥,
(X, i-(M)] = [i-(X), i(V)].

Hence [X, 2] = [i_(X), 2] (XE¥, 2€%_). Therefore we get a representation
v of £ on ¥_ such that »(X)z=[X, 2] (XEF, s€%_). Obviously » is quasi
semisimple (see Lemma 10 of [6]). Therefore if z is any element in X_, it
follows from Lemma 7 of [6] that =2, mod »(£)¥_ where 2, is some element of
¥_ which commutes with {. But then

[i-(X), z0] = [X,20] =0 (xem

and moreover 3, commutes with [, since it lies in X_. Therefore 2, is in the
center of B. Furthermore the representation of K induced under 7 is unitary
and therefore if X Efyand e €D,

(o, 7(Xa — aX)o) = (— 7(X)yo, m(a)¥o) = 0
since m(f)yo={0}. This shows that
(Yo, T(2)¥0) = (o, m(20)¥0) = xa(20).

Now if we extend xa to a linear function on 8B such that xa(ad) =xa(ba)
(a, bEDB) (see Part I1I of [5]) it follows that x(20) = xa(z). Hence

(Yo, m(2)¥0) = xa(2) (z€%).
This proves that

(o wlexp tHW) = X = (2(~1)

m20

1/2.m

) xa(HD).

We extend 7_ to anisomorphism of ¥ with X¥_. Then the mapping 2—x(:_(2))
(2E€%) is clearly a character of the algebra ¥. Hence from Theorem 5 of [5]
there exists a linear function N on bt such that xa(7-(2)) =&(2) (2€X). There-
fore

(o, wexp tHW) = 5 — (2(~1)

m20

2 .m

Y'B(H ") = & (\, 2(—1)""1HY)

if [#| is sufficiently small. In view of equation (25) (p. 81) of [5], X may be
chosen in such a way that N(H) =A(:_(H)) (HE). Since A vanishes on b
we conclude that A(H) = — ((—1)¥2/2)A(:(H)) and therefore 2(—1)V2\(H,*)
=A(H,). Put si(H)=i(sH) (s€W) and a(i(H))=(—1)"2a(H), oc(:(H))
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=(—1)12¢(H) (HEWH). Then N(H,) = —((—1)Y2/2)A(i(H.)) =A(H, ) where
H! =—((—1)V2/2)i(H,) and ¢(H, )=0(H,)/2. Then if we put

[[20(f) X e(s)etsroem

a>0 sEEW

II (A+ 20)(HL) ]I (e2® — =)

a>0 a>0

®(A, H) = (H € by,)

it is clear that ®(A, H) is an analytic function on by, and

®*(\, 2(—1)V%H*) = ®(A, tHo).

Hence (Y, w(exp tHo)¥o) =P(A, tH,) for all sufficiently small values of Itl
Since both sides are analytic functions of ¢, the equality must hold for all
values of . Thus we have the following result.

THEOREM 7. Let A be a linear function on Y. Then if x=exp H (HEWby,)
we have the formula

H ZU(H;) Z e(s)g(‘\‘f'?’)(ali)

feA(H("“))du — a>0 EwW .
x 14+ 20)(") TI (@ — =)
a>0 a>0

Put ¢(x) = [xet@EWdy= (Yo, m(x)Yo) (*EG). Then it is clear that
o (uxv) =¢(x) (4, vEK). Since every element in G can be written in the
form u(exp H)v (HEWby,; u, vEK), the above formula determines ¢ com-
pletely.

The particular case of this formula for the complex immodular group has
been obtained by Gelfand and Naimark [2, p. 77] by means of a lengthy
computation (see also [1]).
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